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Abstract

This study aims at analysing the characteristics of the two-dimensional flow established by binary mixtures and pure fluids in a hor-
izontal annular cavity isothermally heated inside and cooled outside. Some complications arise considering binary mixtures, as a conse-
quence of thermogravitational diffusion due to the coupling of convection with thermodiffusion.

An analytical model has been defined assuming a two-dimensional laminar flow of a visco-elastic fluid, under validity of Boussinesq’s
assumption and negligible viscous dissipation. For the case of binary mixtures, the buoyancy determined by concentration variations has
been ignored, so that momentum equation is independent on concentration and is only coupled with the energy balance equation.

The analytical model has been validated, for both cases of binary mixtures and pure fluids, through comparison with numerical results
in a wide range of the non-dimensional parameters that govern the problem. In particular, the effect of the geometry and of the boundary
conditions on the separation of the mixture compounds due to thermogravitational diffusion has been exploited.

© 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

The evaluation of heat and mass transfer in natural con-
vection-based systems and their description through appro-
priate models generally represent complex problems, due
both to the high order of the system and to the existence
of several non-linear couplings between the system vari-
ables. The definition of analytical solutions is sometimes
possible under restrictive geometrical and thermal-flui-
dynamic conditions, with the main advantage of generality
within the range of validity of the assumed restrictions. On
the other hand, in most cases numerical models can be pro-
perly adopted with minor restrictions but with lost of flexi-
bility, as a specific numerical model must be implemented
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for each operating condition and for each geometrical
configuration.

This study addresses the problem of defining an analyti-
cal model able to describe heat and mass transfer phenom-
ena occurring in a horizontal annular cavity delimited by
two isothermally and differentially heated concentric cylin-
ders. Two different kinds of fluid have been considered: (a)
binary mixtures and (b) pure fluids. The case of pure fluids
can be considered as a restriction of the more complex case
of binary mixtures. The last are, in fact, subjected not only to
natural convection but also to the mechanism of thermodif-
fusion (also known as Soret effect) [1], i.e. the generation of a
concentration gradient in presence of a thermal gradient,
with separation of the mixture compounds. The coupling
of the two mechanisms is called thermogravitational diffusion
and, under appropriate circumstances, can sensibly enhance
compound separation with respect to thermodiffusion [2].

This kind of phenomenon has been reported in several
analytical and numerical studies, for rectangular [2] or
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Nomenclature

a thermal diffusivity

C concentration

C' = CACC" non-dimensional concentration
AC=N=2 ﬁ" AT reference concentration difference
D mass diffusion coefficient

e =r, — r; dimensional gap width

g gravity

Gr = M Grashof number

Le=7% Levis number
N = 12C non-dimensional parameter

By AT
p pressure
P = pqu% non-dimensional pressure
Pr= ;—g Prandtl number
r radius
¥ =1 € [z;7%] non-dimensional radius
R= % radius ratio
t dimensional time

= “e%t non-dimensional time
Ra = Gr - Pr Rayleigh number
Sp==5z <TA ) Soret number

T dimensional temperature

Ty = L ‘;Te mean (reference) temperature

AT =T, — T; temperature difference

7" = I* non-dimensional temperature

u dimensional radial velocity

u' = u/V, non-dimensional radial velocity

Vo =% dimensional reference velocity

v dimensional tangential velocity

v' = v/V, non-dimensional tangential velocity

Greek symbols

p thermal expansion coefficient
Y mass expansion coefficient

U dynamic viscosity

v cinematic viscosity

0 density

Subscripts

e external

i internal

0 reference value\

cylindrical cavities [3] vertically displaced, with and without
a porous medium filling it [4]. For both these configura-
tions, the stationary behaviour in presence of a horizontal
thermal gradient is characterised by a vertical stratification
of the concentration field, with accumulation regions for the
two compounds placed at the bottom and top of the cavity.
The rate of separation varies with geometrical and bound-
ary conditions and can be considerable at the optimal
situation.

For what concern natural convection in the horizontal
annular cavity, several experimental and theoretical studies
have been reported, due to the relevant interest towards this
configuration in various technical and industrial heat trans-
fer problems, such as transmission cables, latent energy
storage systems, components of nuclear reactors, etc. The
behaviour of binary mixtures in horizontal annular cavities,
complicated by the contemporary presence of natural con-
vection and Soret effect, has not yet been exploited.

The non-dimensional analytical model defined in this
study aims at describing the two-dimensional temperature,
velocity and concentration profiles that, under some restric-
tive assumptions, characterise the behaviour of a binary
mixtures filling a horizontal annular cavity isothermally
heated inside and cooled outside. Once that such an analyt-
ical model has been defined, the analogous description for
pure fluids simply represents a restriction of that of binary
mixtures, through the elimination of concentration.

For both cases of pure fluid and binary mixtures, the
basic assumptions considered in order to define the analyt-
ical model are:

visco-elastic fluid,

laminar and two-dimensional flow,
validity of Boussinesq’s hypothesis,
negligible viscous dissipation.

Moreover, the mass flux determined by the concentra-
tion-driven buoyancy term has been neglected for the case
of binary mixtures, allowing to decouple momentum equa-
tion from the dependence on concentration. In this way it is
possible to solve the analytical problem in two steps: at
first, the coupled thermal and velocity fields can be analyt-
ically determined, then it is possible to define an analytical
equation for the concentration field.

The second fundamental assumption consists in consid-
ering a pseudo-conductive regime inside the cavity, i.e. a
temperature distribution inside the cavity that is character-
ised by cylindrical isotherms, for which conduction repre-
sents the major mode for heat transfer. This regime has
been experimentally observed and described in [5], and con-
sists of two crescent-shaped cells, symmetrical with respect
to the cavity vertical axis, as described numerically in [6].
The fluid in contact with the hot inner cylinder rises follow-
ing an upward trajectory, reaches the top of the annulus
and then goes down along a trajectory approximately
parallel to the outer cylindrical surface. Over a certain
Rayleigh number, dependent on the geometry, this regime
is disrupted:

e at high radius ratio, by a thermal plume that originates
at the top of the annulus,
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e at low radius ratio, for the birth of a multicellular flow
pattern of the Rayleigh-Bénard type [6-9], initially char-
acterised by two small cells at the top of the annulus (in
addition to the crescent-shaped cells occupying the
whole annulus in the former pseudo-conductive regime).

In both cases, as the Rayleigh number is further
increased, these structures undergo several bifurcations
due to the birth of complex flow structures [10].

The following sections describe the approach used to
define the analytical solutions for binary mixtures and for
pure fluids. Moreover, the analytical results are compared
with those obtained by a widely tested numerical model,
in order to assess the ranges of the non-dimensional para-
meters for which the analytical model satisfactorily predicts
the behaviour of the system.

2. Problem statement

Consider the horizontal annular cavity formed by the
two infinite long concentric cylinders of radius r; and ry
shown in Fig. 1.

This study aims at describing the behaviour of either
binary mixtures or pure fluids filling the cavity, for the case
of isothermal cylindrical walls at different imposed temper-
atures. In particular, the case of isothermally heated inner
cylinder and isothermally cooled outer cylinder, i.e.
T, > T., has been herein considered; the inverse thermal
condition can be easily deduced from the results reported
in the following.

For both binary mixtures and pure fluids, the fluid filling
the cavity has been supposed incompressible and newto-
nian, with dynamic viscosity u. Moreover, as the focus of
this study is on the convective behaviour, usually charac-
terised by low flow velocity, the three-dimensional complex
motions that can arise along the annulus axial coordinate
have been neglected, i.e. the flow has been assumed two-
dimensional and laminar. In accordance with Boussinesq’s
hypothesis, the variations of the fluid density p are
neglected in all terms except in the buoyancy, in which it

lg

Fig. 1. Schematic of the annular cavity with imposed wall temperatures.

is supposed to depend linearly on both temperature and
concentration, i.e. p = po(l — Bo(T — Tp) + yo(C — Cp)),
with f§y and 7y, coefficients of thermal and mass expansion
respectively.

Finally, neglecting the energy dissipated by viscous
stresses, the mass, momentum (along r and 6), energy
and concentration balance equations can be written as
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where the Doufur effect has been neglected. This means
that the heat flux determined by concentration gradients
is ignored [4]. Egs. (1)—(5) can be rewritten in the following
no-dimensional form:
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The boundary conditions for these equations express the

conditions of isothermal walls, null velocity at the walls
and impermeable walls, therefore

7|, =05 T|, =-05 (11)

u, 0|, =0; wu,v|, =0 (12)
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3. Numerical resolution

Model (6)—(10) has been numerically solved by means of
a finite element code, which has been widely validated [6,10].
The system geometry, characterised by the radius ratio
R=r./ry(Re]l; + o0[), is defined by the domain (r,0) €
[n=1/(R-1), re=R/(R— 1)]x[0,2n]. The domain has
been discretised using a unstructured triangular grid having
1000 nodes (1808 triangles). A first-order implicit scheme
has been adopted for the temporal resolution of the discre-
tised equations, whereas the pressure—velocity coupling has
been solved by means of the improved Lagrangian algo-
rithm in association with the penalisation method. The inte-
gration of momentum, energy and concentration balance
equations has been performed by direct matrix resolution
(LU factorisation).

Calculations have been performed using primitive vari-
ables; nonetheless, in the following also the streamfunction
Y has been used for the presentation of results. The stream-
function has been defined as the function respecting the
following conditions:

_lw o W
“mro0 VT T o

For the definition of the numerical model, a binary mix-
ture has been assumed to fill the cavity. In particular, a
H,0-C;H3O (water—isopropanol) mixture with 50% in mass
of both constituents has been considered. Moreover, the
numerical resolution has been applied to a cavity with radius
ratio R = 1.5 and considering a set of boundary conditions
for which thermogravitation can be experimentally observed.

Thermo-physical properties of the mixture are reported
in Table 1 together with the chosen boundary conditions
and the corresponding non-dimensional parameters.

The simulation of the numerical model for the previous
case yields to the stationary behaviour corresponding to
the temperature and concentration fields and to the stream-
function reported in Fig. 2.

In Fig. 2(a) it is possible to observe that the stationary
temperature field is characterised by a concentric distribu-
tion of the isotherms strongly resembling that of the con-
ductive regime and called, therefore, pseudo-conductive.
For this regime, the flow inside the cavity is separated in
two distinct counterotating cells that are symmetrical with
respect to the vertical axis of the cavity, as indicated by the
streamfunction distribution reported in Fig. 2(b). For this
kind of flow the two components of the velocity vector
V= (u(r,0),(v(r,0)) are sensibly different at any angular
location in the annulus except in the regions around
0 = —m/2 and 0 = +n/2 (i.e. the regions in which the cells
are in contact with each other). In fact, the radial velocity
component, u, is much smaller than the component in the
tangential direction, v; moreover, v strongly depends on
0, whereas only marginally on r.

The distribution that characterises the concentration
field can be observed in Fig. 2(c). This field shows a vertical
stratification with the two compounds separating respec-
tively at the top and the bottom of the annulus; moreover,

(14)

Table 1

Dimensional and non-dimensional parameters considered during numerical simulations

B (K™ i ap (m”s™") p(kgm™'s7?) p (kgm™) D (m’s™") Dr(m’s” 'K G AT (K) L (mm)
7.7x107* -0.25 1L.ox 1077 3.08x 1073 905 107° Sx 10712 0.5 -10K 0.5
Ra=27.6 Pr=339 N=-1.62 Le=100 R=15

Fig. 2. Numerical results: (a) temperature, (b) streamfunction and (c) concentration fields.
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the degree of separation is higher than that due exclusively
to the pure Soret effect.

The physical meaning of previous results does not
change with the inversion of the temperature gradient; sim-
ply, the temperature and velocity fields will be the inverse of
those reported in Fig. 2(a) and (b), whereas the concentra-
tion field will be inverted with respect to the horizontal axis.

4. Analytical model

Previous considerations are fundamental for the possi-
bility they give to simplify the problem in view of the def-
inition of an analytical solution, similarly to what has been
done for the simpler cases of rectangular or cylindrical cav-
ities [2,3]. The following simplifications have been consid-
ered valid for the description of the stationary behaviour:

o temperature distribution corresponds to that of the pure
conductive regime, therefore, 7(r,0) = T(r),

o the radial component of the velocity can be neglected
with respect to the tangential component, which
depends only on r; therefore, V= (u(r,0), v(r,0)) =
V'=(0,u(r)),

o the velocity field is influenced only by the temperature
gradient, and the effect of the concentration can be
neglected; therefore (namely, forgotten effect), T >
NC =0,

¢ the concentration field can be considered linearly strati-
fied along the tangential direction 0, therefore, C(r,0) =
o(r) + bo.

Hence, the following simplified non-dimensional model
can be considered for the regime condition:

—U—;:—Z—f—RaPrTsinB (15)

Oz—%Z—Z+RaPrTcos0+Pr[%%<r%> —rﬂz} (16)

oi;<r(z) (17)
2

12 et

It is worth noting that, not depending on vand C, Eq. (17)
is decoupled from the other equations. Moreover, the
subsystem formed by Egs. (15)—(17) is decoupled from Eq.
(18) and can be separately solved; at the same time, this sub-
system represents the restriction of the problem to the case of
pure fluid filling the annulus. This means that the tempera-
ture and velocity fields determined from this subset of
equations are valid for both binary mixtures and pure fluids.

Double integration of Eq. (17) yields

T(r):Clln(r)—i—Cz (19)
with integration constants C; and C, to be determined by

imposing at the boundaries thermal conditions (11). This
leads to

In(r) + In(R — 1)

T(r)=0.5- n(R)

(20)

Eq. (20) describes the temperature profile for the
pseudo-conductive regime in a horizontal cylindrical cavity
filled either by a binary mixture or by a pure fluid. It is
important to observe that the analytical solution depends
only on the geometry, characterised by the radius ratio
R, and by the radial position at which the temperature pro-
file is evaluated; it does not depend on the angular position
0 (as a consequence of the assumption of concentric cylin-
drical isotherms) nor on the value of Ra.

Once that the temperature profile has been found, it is
possible to find the corresponding velocity profile. In order
to do so, it is convenient to differentiate Eqs. (15) and (16)
with respect to 0 and r respectively and subtract them from
one another. This results in the following third order ordin-
ary differential equation:

3 2
dv gﬂ—ff+f+Rasin06—T:0 (21)
T r

Eq. (21) can be numerically integrated for specified val-
ues of R and Ra considering boundary conditions
expressed by (12) and an additional condition, which can
be found in the application of conservation of mass over
the horizontal section (at 0 = 0)

/ " b dr =0 (22)

In this way the velocity profile for the pseudo-conduc-
tive regime is determined in the form

( )7Rasin0
T 3 (R)

C
¥+ Car + 74 + Csrin(r) (23)

It is worth noting that integration constants C;, C4 and
Cs in Eq. (23) are numerically obtained; therefore they
assume values to be determined for each couple of R and
Ra values.

Egs. (20) and (22) constitute the analytical solution
approximating the thermal and fluidynamic fields for a
horizontal annular cavity isothermally heated inside and
cooled outside, both for the case of binary mixtures and
for that of pure fluids. It is worth noting that, though this
solution indirectly depends on Pr through the Rayleigh
number, it does not directly depend on it, as a consequence
of the assumptions of stationary behaviour and r-stratified
f-independent velocity distribution.

Finally, now that the analytical velocity profile is
known, it can be substituted in Eq. (18). The obtained
equation can be numerically integrated by imposing the
boundary conditions on the concentration expressed in
(13) and the following supplementary integral condition
of conservation of the total amount of solutal inside the
cavity

//Vgo(r, 0)rdodr = C, (24)
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This yields the following form of the analytical concen-
tration profile:
Rasin 0 3 C3 )

—pre|Rasin0 5 G G 2 S 2 e —
o(r) =bLe 271n(R)r + 1" + 5 In(r)” + 2" (In(r)—1)

+ Celn(r) + C; (25)

Again, as for the case of the velocity profile, the integra-
tion constants Cg and C; are numerically determined.

The last constant to be determined for the closure of the
concentration problem is the one expressing the stratifica-
tion of the concentration, i.e. b. This constant can be
obtained by imposing an additional equilibrium condition
for the stationary state, i.e. the balance between the diffu-
sive and convective terms of transport of the solutal
through the horizontal section (6 = 0)

e b
/ri o(r)C(r)rdr = s (26)

In this way, also the analytical solution for the concen-
tration field inside the cavity C(r,0) can be completely
determined.

The analytical profiles of temperature, velocity and con-
centration for the same binary mixture considered for the
calculation of the numerical profiles previously described
are reported in Fig. 3 for a semiannulus. The comparison
of these profiles with those reported in Fig. 3 points out
the capability of the analytical model to satisfactorily
describe the three fields everywhere except that at the top
and the bottom of the annulus, as expected from simplifica-
tions at the basis of the analytical solution. In these
regions, in fact, the analytical velocity does not account
for the velocity reduction, originated by the actual separa-
tion of the flow in two convective cells, which, instead, is
revealed by the numerical model. As a consequence, at
the top and the bottom of the annulus the analytical con-
centration profile is not affected by this velocity reduction
and therefore is not deformed. Nonetheless, the analytical
and numerical concentration profiles are indeed very simi-
lar and present, in the overall, the same component separa-
tion of the binary mixture.

mEmwn= —=Rwmn

dbbbdaoocoocoo

5. Numerical validation of the analytical model

In order to validate the analytical model, its results have
been compared with those obtained by the numerical
model previously described in a wide range of both Ra
and R.

Different comparisons have been performed, depending
on the kind of fluid filling the annular cavity (i.e. binary
mixtures or pure fluids). In particular:

o for both binary mixtures and pure fluids, the capability
of the analytical model to reproduce the numerical pro-
files has been analysed,

e for the case of binary mixtures, special attention has
been devoted to the influence of Ra and R on the sepa-
ration of the mixture compounds, due to the industrial
relevance of this effect,

o for the case of pure fluids, the interest has been concen-
trated on the capability of the analytical model to pre-
dict the heat transfer, through the comparison of the
analytical and numerical Nusselt number.

5.1. Binary mixtures

For this case, the analytical solution has been compared
versus the numerical model varying both Ra and R and
maintaining constant all the other parameters, at typical
values of several liquid binary mixtures (Pr =10, NC =~ 0,
Le = 100).

Fig. 4 reports the comparison of the temperature, veloc-
ity and concentration profiles evaluated at 6 = 0 for Ra =
100 and various R. Also the case R =1 is reported in the
plots, which represents the case of infinite curvature of
the cavity, i.e. the extrapolation of the results obtained
for the rectangular geometry in cartesian geometry in a pre-
vious study [2].

The analysis of the plots shows the satisfactory capabil-
ity of the analytical solution of reproducing the numerical
profile taken as reference for the whole range of parame-
ters. In particular, it is worth noting that also the analytical
profiles tend to loose symmetry with the increase of the

ohewv= —Dwuson®

bhbbbbboocasco

Fig. 3. Analytical results: (a) temperature, (b) velocity and (c) concentration fields.
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Fig. 4. Comparisons of the analytical and numerical results at different
radius ratios at 6 = 0 and for Ra = 100 and Le = 100: (a) temperature, (b)
velocity and (c) concentration fields.

radius ratio, as it happens to the numerical profiles. The
influence on the profiles of the Rayleigh number, for fixed
R, is mainly limited to the concentration. In fact, variations

04F  Le=100
03F R=15
: I
- rd
o2F o A
F -7 Fay
: . »
0.1g -7 A ‘Fx’
Op———————Fagte iy S
© o1
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Fig. 5. Comparisons of the analytical and numerical concentration
profiles evaluated at 0 = 0 for different Ra (Le = 100, R =1.5).

of Ra do not modify the temperature profile and cause only
amplitude variations of the velocity.

The concentration profile is, on the other hand, quite
sensitive to the value of Ra, as it can be observed in
Fig. 5; for sufficiently high Ra, in fact, the natural convec-
tive motion causes the birth of an entrainment region that
does not exist at low Ra, where the concentration profile is
closer to the case of pure thermodiffusion (Ra = 1). From
Fig. S it is possible to observe that the maximum mismatch
between the analytical and numerical solutions occurs for
Ra =10, i.e. in the range of Ra for which the formation
of the entrainment region is observed, as a consequence of
simplifying assumptions introduced in the derivation of the
analytical solution.

It is possible to notice that for sufficiently low values of
the Rayleigh number, which is the usual condition for the
observation of this kind of phenomena, the agreement
between the analytical and numerical results is, in the over-
all, satisfactory. When Ra increases, two kind of phenom-
ena may occur, depending on the value of the radius ratio.
In particular, for high values of R the concentration field
presents a plume that tends to disrupt the stratified distri-
bution, whereas, for low values of R the temperature and
velocity distributions are characterised by a multicellular
regime [5,6], enhancing the mixing and avoiding compound
separation.

The possibility to separate the components of a binary
mixture filling a cavity is a phenomenon of primary impor-
tance for the application of thermogravitation. It is there-
fore necessary its full exploitation for the system herein
considered.

The concentration profiles reported in Fig. 2 show that
the stationary state is characterised by the existence of
accumulation regions in which the mixture components
are more concentrated. These regions are located around
the vertical axis, respectively at the bottom of the cavity
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Fig. 6. Analytical and numerical evaluation at Le = 100 of the dependence of compound separation on: (a) Ra, for R = 1.2, and (b) R, for Ra = 100.

in contact with the external cylinder for the heaviest com-
ponent and at the top of the cavity in contact with the
internal cylinder for the lightest component. The separa-
tion of the two components is therefore globally character-
ised by an azimuthal variation. Under these conditions, the
analytical solution previously defined allows to easily cal-
culate the separation, s, according to

5= C|9:7n/2 - C|H:+n/2 = —2bm (27)

It is important to analyse, for a specified mixture, the
influence of the Rayleigh number and of the radius ratio
on the separation. Fig. 6 reports, for Le = 100, the depen-
dence of both the analytical and numerical separation on
Ra (plot (a)) and on R (plot (b)). The analysis of plot (a)
points out the existence of an optimal value of Ra leading
to maximum separation of the mixture compounds in an
annular cavity; moreover, this value is predicted with satis-
factory approximation by means of the analytical solution.
This result is similar to what has been found for rectangular
cavities [2], where separation has been found to correspond
to a rational fraction of the non-dimensional group Ra Le.

This result is fundamental as it allows to determine, for
example, the optimal gap of a cavity designed for achieving
efficient compound separation. The application to the pre-
vious case of mixture of water and isopropanol with
R=1.5, gives

Smax = 4.097 for Ray, =9.71 and e =0.353 mm

The analysis plot (b) points out that the growth of the
radius ratio causes the decrease of compound separation
and, by extrapolation, the most appropriate configuration
for enhancing the separation is the rectangular geometry.

5.2. Pure fluids
As mentioned earlier, for the case of pure fluids the

interest is focused on the capability of the analytical model
to predict the heat transfer. Therefore, the comparison of

the analytical and numerical Nusselt number has been per-
formed to assess the validity of the analytical solution in a
range of Ra values for which the pseudo-conductive regime
was numerically observed. In particular, comparisons has
been performed by varying R for fixed Ra = 1500, and then
by varying Ra for R =1.2. The following variables have
been considered for comparisons:

e radial temperature profile, at 6 =0, 7(r;0),
e radial profile of the tangential velocity at 8 = 0, v(r;0),
e global Nusselt number.

Fig. 7 reports the comparisons of the analytical and
numerical 7(r;0) and v(r;0), respectively in the first and
second column, evaluated at Ra = 1500 and for: R=
2.60, 2.00, 1.60, 1.20, 1.12.

From the analysis of this figure it is possible to observe
how the fitting of the analytical and numerical solution, rel-
atively poor for R = 2.60, rapidly improves with the reduc-
tion of R. Indeed, the numerical profiles are satisfactorily
predicted by the analytical model for R = 1.6. This result
depends on the simplifying assumption of pseudo-conduc-
tive regime introduced in the derivation of the analytical
solution, which progressively loses validity for growing val-
ues of the radius ratio. The higher is R, in fact, the greater
is the deformation of both temperature and velocity actual
profiles with respect to the assumed pseudo-conductive
profiles.

The global Nusselt number, Nu, has been defined using
the following relations [6]:

wInR [ /0T
)Jui = — o u[: (}E;:> k:n(ig

relnR [* (OT
)Vue = — 27t L/g <:€»‘> r:rccle

[13%2)

where subscripts “i” and “‘e” refer respectively to the inter-
nal and external cylinders. For the particular case of

(28)
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Fig. 7. Analytical (full line) and numerical (dots) profiles at § =0 for Ra = 1500 and various R: temperature 7(r) (left-hand column) and velocity v(r)

(right-hand column).

stationary behaviour, verified in the numerical model for
Ra = 1500 and for all of the values of R herein considered,

it is easy to verify that

Nu; = Nu, = Nu

(29)

In the analytical solution, deriving the temperature pro-
file expressed by Eq. (20) and substituting in one of Eq.
(28), Nu=1 is found for any value of R. This is an
expected result as a consequence of the assumption of
pseudo-conductive regime used to build the analytical
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Nusselt versus R for Ra=1500
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Fig. 8. Nusselt number versus R calculated for Ra = 1500.

model. On the other hand, in the numerical model the
actual temperature profile is considered, leading to a
dependence on R of the Nusselt number.

Fig. 8 shows the comparison between the analytical and
numerical Nusselt number. It is possible to observe that for
R = 1.4 the error of the analytical model is below 3%, which
can be considered an acceptable prediction for most appli-
cations. The upper value of R can therefore be assumed as
upper limit for the validity of the analytical solution.

Nusselt number versus Ra for R=1.2
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Fig. 9. Nusselt number versus Ra calculated for R =1.2.

On the basis of this result, the following comparisons
have been performed for R = 1.2 (for which the error on
Nu is below 1%), in order to determine the range of Ra
in which the analytical model performs satisfactorily.

Fig. 9 shows the analytical and numerical Nu calculated
for R=1.2 and Ra varying between Ra =1 and 2000. It
can be seen that the analytical solution satisfactorily pre-
dicts the Nu number within the whole range of Ra, with
a maximum error below 2% at Ra = 2000.

It is worth noting also that, as reported in Fig. 10(a) and
(b), a strict fit has been obtained between the analytically
and numerically profiles evaluated at § =0 for all of the
values of Ra considered, both for the temperature (where
the various profiles are superimposed) and for the tangen-
tial velocity.

No further increase has been considered with respect to
Ra = 2000 since for R =1.2 a bifurcation occurs at Ra =
2130. This bifurcation is of the Rayleigh-Bénard type and
occurs through the birth of two small cells at the top of the
annulus, separating the two counterotating cells formerly
occupying the whole cavity [10]. Due to the bifurcation,
the initial assumption of the existence of two counterotating
cells, on the basis of which the analytical solution has been
defined, loses its validity. Similar results can be obtained
for other values of R, each of which is characterised by a crit-
ical value of Ra where the above mentioned bifurcation
occurs and the analytical model looses its validity. The calcu-
lation of the critical values of Ra at various R is beyond the
scope of the present study, mainly devoted to presenting an
analytical solution for the pseudo-conductive regime, and
will be developed in future numerical studies.

6. Conclusions

In this study an analytical model has been defined for
the description of the thermal-fluidynamic behaviour of
either a binary mixture or a pure fluid filling a horizontal
annular cavity isothermally cooled outside and heated
inside. The case of binary mixture is complicated by the
occurrence of thermogravitational diffusion, due to the
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Fig. 10. Analytical versus numerical profiles at § = 0, R = 1.2 and Ra varying between Ra = 1 and 2000: (a) temperature 7(r) and (b) radial component of

tangential velocity v(r).
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coupling between natural convection and thermodiffusion
in presence of a temperature gradient. This effect produces
the separation of the mixture compounds. Nonetheless, the
study shows that neglecting the additional buoyancy term
generated by the existence of a concentration gradient
allows to decouple the momentum and energy equations
from the concentration equation. In this way, the model
for binary mixtures is made up of two submodels.

The first submodel consists of the coupled energy and
momentum equations and is mathematically equivalent to
the case of pure fluids. An analytical solution for the veloc-
ity and temperature profiles has been obtained from this
submodel for the case of pseudo-conductive regime, which
is typical at values of Ra below a critical value dependent
on the cavity radius ratio.

The second submodel simply consists in the concentra-
tion equation and can be integrated once that the analytical
velocity profile has been determined from the integration of
the previous submodel.

The analytical model has been validated through several
comparisons. For the case of binary mixtures, particular
attention has been devoted to verify the capability of the
analytical model in estimating the separation of the mix-
ture compounds inside the cavity, which occurs only for
low Ra values. For the case of pure fluid the focus has been
in the validation of the analytical model within the range of
Ra values for which the pseudo-conductive regime exists.
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